We discuss the dynamical polarization, optical response in low-frequency regime under in-plane polarized driving field of the silicene. The dynamical polarization, dielectric function, and absorption of radiation in infrared region are obtained and shown in the q ∼ ω space, and they are distinguishing for the cases of chemical potential larger than the band gap and smaller than the band gap. The optical properties of silicene and the related group-V and group-VI materials: MoS 2 and black phosphorus are explored through the first-principle study. The plasmon which damped into the electron-hole pair in the single-particle excitation regime is also mentioned. The spin/valley polarized electron-hole pairs can be formed through that way, especially for the high-energy π-plasmon which begin to damp at the small q-limit. The anisotropic effects induced by the warping structure or charged impurity, and the anisotropic polarization induced by the polarized incident light are also discussed. Our result exhibits the great potential in the optoelectronic applications of the materials we discussed.
Introduction
The optical response in periodically driven topological systems is important for the study of the gain and loss mechanism, especially in the many-electron system. For non-Hermitian system under laser, the conductivity and absorption as well as the scattering are related to the polarization vector of the driving field even in the q → 0 limit, where q is the in-plane Bloch wave vector in the direction of the in-plane light-polarization, while in the imputity scattering system (with considerable Coulomb effect), q is the scattering wave vector (due to the charged impurities) which can be seen in the transition matrix element of the dynamical polarization. We note that the direction of the polarization is importnt for the optical or scattering properties of the two-dimension system we talking in this article, the anisotropic polarization induced by both the warping structure and the polarized incident light is discussed. The hexagonal Dirac-cone warping leads to the anisotropic decay of the quasiparticle interference and the backscattering, and it help to preserve the quasiparticle chirality. While the anisotropic polarized light also leads to anisotropic conductivity or mobility [1, 2] . In this article, we mainly discuss the silicene and the related group-V and group-VI materils with the in-plane polarized of the driving field,
Model of silicene in optical system
For the low-energy Dirac-Hamilatonian of silicene in tight-binding model, it reads [3, 4, 5, 6, 7] H(t) = v F (ητ x P x (t) + τ y P y (t)) + ηλ SOC τ z σ z + aλ R 2 ητ z (P y σ x − P x σ y )
where P x (t) = k x − e c A x (t) = k x − e c
AsinΩt with A the scalar potential. E ⊥ is the perpendicularly applied electric field, a = 3.86 is the lattice constant, µ is the chemical potential, ∆ is the buckled distance between the upper sublattice and lower sublattice, σ z and τ z are the spin and sublattice (pseudospin) degrees of freedom, respectively. η = ±1 for K and K' valley, respectively. M s is the spin-dependent exchange field and M c is the charge-dependent exchange field. λ SOC = 3.9 meV is the strength of intrinsic spin-orbit coupling (SOC) and λ R 2 = 0.7 meV is the intrinsic Rashba coupling which is a next-nearest-neightbor (NNN) hopping term and breaks the lattice inversion symmetry. λ R 1 is the electric field-induced nearest-neighbor (NN) Rashba coupling which has been found that linear with the applied electric field in our previous works [5, 8, 4, 6, 9] , which as λ R 1 = 0.012E ⊥ . We here ignore the effects of the high-energy bands on the low-energy bands. The Dirac-mass and the corresponding quasienergy spectrum (obtained throught the diagonalization procedure) are [3] 
respectively, where the dimensionless intensity A = eAa/ is the vector potential and s = ±1 is the electron/hole index. The optical response in periodically driven topological systems (time-Floquet systems) which is non-Hermiticity, has been widely studied [10] where the existence of PT -symmetry relys on the frequency of applied light. It's believed that the related events through a certain operator f has the form of B =f A [11] in quantum system, e.g., through the SU(2) evolution operator, the effective Floquet Hamiltonian of the time-Floquet systems consider the Berry connection (Berry gauge potential) reads,
whereT is the time-order operatorP is the path operator of the electron contour C in the phase-space. Note that here the contour encircled by the quasiparticle in momentum space and with the time-dependence of the Bloch bands which is required by the anomalous velocity term due to the Berry curvature. For the case of light-driven contour in momentum space, C k = ηN Ω, where C k is the projection of C on the momentum space, and N is the number of Fourier modes. The eigenfunction of system satisfies Ψ(t) = e iN Ωt ψ(t), and with the eigenvalue in the diagonal block of Floquet Hamiltonian shifted by the value of ηN Ω, while the time-dependent monochromatic harmonic perturbation enters in the off-diagonal blocks of the Floquet Hamiltonian [8, 9, 12] . The total Hamiltonian consider the effect of circularly polarized light is H =
, where V (t) is the electron-radiation interaction
where A = E/ Ω is the scalar potential with E the complex amplitude of electric field, and v is the interband transition velocity matrix element, which reads [3] 
when takes the Berry correction into consideration, where ψ is the Bloch wave function in conduction band while ψ ′ is the Bloch wave function in conduction band, and Ω(k) is the Berry curvature which is nonzero when the inversion symmetry is broken, it reads
Although the Berry curvature has been ignored in most of the computation of the velocity operator, however, it's very important to the non-adiabatic correction in the system with broken reversal symmetry or the time-reversal symmetry (due to the off-resonance light or the competition between Zeeman coupling and Rashba-coupling), and it's closely related to the quantum anomalous Hall effect [13, 14] , especially for the nonrelativity particle in semiclassical limit. In the absent of Berry correction, it's been found that ∂H cv / ∂k = 2∂H cc / ∂k, where H cv describes the interband transition and H cc describes the intraband transition. Considering the Berry correction, for the velocity of intraband transition, the berry term vanishes according to above expression (since ψ = ψ ′ ), thus ∂H cv / ∂k = 2∂H cc / ∂k.
3 Optical absorption in the presence of Dirac-cone warping
The unpolarized optical absorption coefficient for spin-and valley-degenerate reads [15] 
where α 0 = e 2 2ǫ 0 hc = 1/137.036 is the Sommerfeld fine structure constant, g s g v denotes the spin and valley degenerate, n t is the refractive index. For the special case that at the Diracpoint (k = 0) with gapless band structure and vanishing reflectivity coefficient and vanishing SOC [16] , since then the transition is dominated by the intraband (mainly the conduction band) transition, the well known optical absorption coefficient can be obtained as
where ε 0 is the permittivity of vacuum and c is the speed of light. Note that this ideal optical absorption coefficient only correct for the case that without the interband transition and SOC, i.e., both the frequency and chemical potential need to be zero (undoped), and for the chiral fermions with the gapless band structure. While in the semiclassical limit, the above result becomes
In fact, in the presence of symmetry breaking (like the inversion symmetry or time-reversal invariance required by the nonzero Berry curvature), the gap is generally nonzero, thus the above ideal absorption coefficient π nt α 0 is hard to realized since the effect of interband transition is dominate for the gapped case. The optical absorption between the π and π * band can also be probed by the high-harmonic spectroscopy method or the synchrotron radiation source [17] . It's also found that, in a small frequency, the two-dimension universal absorbance becomes [18] 
where t is the nearest-neighbor hopping modified by the light, and becomes 1.09 eV ∼ 0.4 eV (t = 1.6 eV for ω = 0 case).
In the low-energy-limit, we usually consider only the direct interband transition, however, the indirect interband exist mediated by the remote band [15] , which gives rise the warping effect. Unlike the graphene or MoS 2 [19] which have trigonal warping (with three Dirac-cone) constant-energy-contour (or the Dirac-cone) at high energy state [20] , the silicene on Ag(111) [21] or other substrates has hexagonl warping with six Dirac-cone for the Dirac-cone or local density of states (LDOS) both in momentum space and real space, like the Bi 2 Te 3 [22] . The plots are presented in the Fig.1 , where we can see that the hexagonal warping is more obvious in LDOS for large t. We also can see that, the lower the energy, the higher the degree of isotropy of the constant-energy-contour in Brillouin zone (BZ), and thus with higher isotropy of quasiparticle scattering. The hexagonal warping produces strongly decays the quasiparticle interference [21] as well as the backscattering, thus it retard the decaying of the LDOS (the Friedel oscillation) and breaks the weak intravalley localization [20] . The quasiparticle interference here is due to the broken of quasiparticle chirality. The intervalley scattering which is suppressed in the clean limit corresponds to the short-wavelength interference (large k) and it's competing with the quasiparticle chirality, while the intravalley scattering corresponds to the long-wavelength interference (small k). For time-reversal-invariant system, the opposite spin (or pseudospin) also suppress the intervalley backscattering in a warping system. The saddle-point Van Hovesingularities are shown in the LDOS plot of Fig.1 which are localed in the M-point of the BZ boundary, and also generates the Fermi surface by the quasiparticle scattering along the Fermi patches between two opposite edges [21] . The DOS is not differentiable in these points due to the saddle point singularity [23] . However, for the case of large gap and in the presence of remote-band coupling [15] , the minimum-point Van Hove-singularities [24] appear, which we don't discuss in this article. For bilayer silicene or bilayer graphene, another source of the trigonal Warping [25, 26, 27] is the interlayer hopping which has three direction for the hopping from one site in bottom layer to the upper layer, and it's not negligible especially under the laser in terahertz range.
Dynamical polarization in low-frequency within random phase approximation
It's found that the low-frequency (infrared or visible region) absorbance is similar among the two-dimension group-IV crystals [18] , like the graphene, silicene, and germanene, we only take silicene as an example here. Firstly, through the random phase approximation (RPA) in the presence of strong SOC, the dielectric function within one-loop approximation reads
where ǫ = 2.45 is the static background dielectric constant for the air/SiO 2 substrate, and Π(ω, q) is the dynamical polarization function [4] Π(ω, q) = g s g v 2πe
where s, s ′ are the band index (ss ′ = 1 for the intraband case and ss ′ = −1 for the interband case), and the Coulomb interaction-induced transition matrix element here is
where θ ση is the scattering angle in scattering phase space where the anisotropic intervalley scattering is possible through the edge states. Here the transition matrix element F ss ′ (k, (k+q)) including both the interband (ss ′ = −1) and intraband (ss ′ = 1) transitions. The scattering angle in momentum space between k and k + q is θ and obeys cosθ = χ(k)|χ(k + q) = (k + qcosφ)/ k 2 + q 2 + 2kqcosφ where φ is the angle between k and q, and |χ(k) = ψ *
µ = 2 eV> ∆
Firstly, we discuss the case of chemical potential µ = 2 eV which is larger than the band gap. In the q ∼ ω space formed by the scattering wave vector q and frequency ω, the single particle excitation regime (or electron-hole continuum regime) can be devided into two parts: The intraband part and interband part as shown in Fig.2 , where the blue line surrounds the interband part while the red line surrounds the low-energy intraband part. The region surrounded by the blue line and the region surrounded by the red line can be analytically expressed as [4, 28] 
respectively, where
) 2 is the Fermi wave vector. Note that the above functions are valid for any value of chemical potential.
We can see that, for band gap ∆ = 2 eV (i.e., equals to the chemical potential), the spingle particle excitation regime vanishes in the region shown in the last panel of Fig.2 and thus the plasmon model won't undamped at all in this region. The value of q = 2k F decrease with the increasing band gap as indicated by the red arrow. In Fig.3 , we show the dynamical polarization at the q ∼ ω space. We want to note that the imaginary part of polarization function is not always negative as shown in the figure (see also the Refs. [4, 29] ). Fig.4 shows the dielectric function obtained above, we can see the real part of dielectric function is much larger than the imaginary part, and there is a peak in the real part along the line of q = 2k F as indicated by the red arrow. The Fig.5 shows the absorption of the radiation (not the optical absorbance), which reads
where L(q, ω) is the energy loss function. Thus it's easy to obtain that the energy loss function should be the inversion of the absorption, and they are both dependent on the band gap and the spin-valley coupled selection rule [3] . From Fig.5 , the negative optical absorption appear for small band gap (e.g., ∆ = 0.02 eV) which shows no practical physical meaning. Here we want to note that the energy loss function provides the electron-hole spectral density in singleparticle excitation regime, and the damping in single-particle excitation regime also leads to the resonance of the energy loss function [4] . The process of the energy-loss exist as long as the frequency ω is nonzero and it also results in the loss of DOS just like the one caused by the chiral quasiparticle scattering though it's suppressed by the hexagonal warping. The absorption vanishes in the last panel of Fig.5 as the single particle excitation regime vanishes (see Fig.2 ). For the case of large band gap (in the adiabatical approximation), the electron-ion plasmon rised in plasmon frequency and at the presence of long-range Coulomb interaction [30] . In this case, the phonon dispersion of the acoustic phonon can be obtained as [30] 
where E ion is the ion confinement energy and α = e 2 /ǫ 0 ǫ v F is the fine structure constant. Through the expression, the phonon dispersion also follows the √ q-behavior as most twodimension materials do. The phonon dispersion is shown in the dash-line of the first panel of Fig.5 , which mainly distributed in the low-frequency regime (while the optical phonon dispersion is mainly distributed in the high-frequency regime), and independent of the band gap.
µ = 0.01 eV< ∆
We then discuss the case that the chemical potential is smaller than the band gap, where we set it as 0.01 eV here. In this case, the imaginary part of the dielectric function reads [31, 28, 32] Im[ε(q, ω)] = 2πe
Through the Kramers-kronig relation
the real part of the dielectric function can be obtained as
(19) where θ is the step function. In this case, the dynamical polarization, dielectric function, and the absorption are shown in the Fig.6-8 , respectively. We then obtain the purely negative dynamical polarization and purely positive dielectric function as shown in Fig.6-7 . Distincted from Fig.5 , the absorption for µ < ∆ is purely positive, and mainly locate in the interband single particle excitation regime as shown in the Fig.8 . That reveals that it's quite important for the value of chemical potential compared to the band gap (and it's also important for the estimation of the effect of Berry correction as presented in the Sec.2).
Optical properties of Silicene, MoS 2 , and black phosphorus
The scattering momentum here is mainly contributed from the charged impurity scattering (with Coulomb interaction), while for the optical transition, due to the almost vanishing photon wave vector, i.e., in the limit of q → 0, which also called the head or wings of the polarizability [33] . We focus only on the interband optical transition through a finite gap, then the transition matrix becomes [18] 
where v is the velocity operator and e q denotes the direction of scattering wave vector which is also the direction of the dielectric function. At Dirac-cone (i.e., k = 0), the velocity operator in above can be written in the same form as Eq. (5) in the nonadiabatic approximation. We carry out the density functional theory (DFT) calculation base on the generalized gradient approximation (GGA) in Quantum-ESPRESSO package [34] , The plane wave energy cutoff is setted as 400 eV for the ultrasoft pseudopotential in our calculations, and the structures are relaxed until the Hellmann-Feynman force on the atoms are below 0.01 eV/Å . The optical properties including the optical absorption has been studied for group IV matters, like the silicene, graphene, germanene and tinene [16, 35] , while in this section, we focus on several typical materials in group IV-VI: monolayer silicene, monolayer MoS 2 , and monolayer black phosphorus (phosphorene), which all have strong intrinsic SOC and hexagonal layered structure, and all exhibit abundant optical response characteristics [36] .
The results of DFT calculation are shown in Fig.6 , where we show the in-plane component of the absorption, energy loss function, optical parameters, and the dielectric function of these three matter. A clear splitting of the main peak in optical absorption is presented, which can't be found in the energy loss function, we think the reason for such difference is partly due to the local field effect (the off-diagonal element of the dielectric function), which is been ignored in the approximation of G + q → 0 [33] where G is the vectors of the reciprocal lattice. The neglect of the local-field effect also results in the decrease of the number of the plasmon branches due to the suppression of the intreband transition [4] . For the system with quasi-onedimensional band structure, like the black phosphorus [37] , the many-electron effect sometimes need to be taken into account except for in the low-temperature limit, it's similar to the case as we discussed [8, 38] with the considerable long-and short-range Coulomb effect. Due to the many-electron effect, the band gap as well as the related excitonic effect are also affected by the self-energy matrix Σ [37] , a large nontrivial band gap may opened by the many-electron effect. The variable self-energy also leads to nonzero vertex contribution which is important especially in the variant cluster approximation. It's also found that, for superlattice arrangement of the layered structure, when Reε(q → 0, ω) ≈ 1, the shape of absorption and the energy loss function may be more similar [16] . A small broaden peak near 10 eV in absorption is observed both for silicene and black phosphorus, it's due to the transition between the s hybridized orbital and the π * band in parallel band region for group-IV materials. We found that at q → 0 limit, the initial refractive index n t descrise from monolayer silicene to monolayer black phosphorus: 4.05 eV, 18 eV, 2.15 eV for monolayer silicene, monolayer MoS 2 , and monolayer black phosphorus, respectively, which means that, in this order, the coupling between π-band and σ-band decrease while the electron mobility increase [23] . Except for monolayer black phosphorus, the maximum refractive indices are almost appear in the zero photon energy.
For dielectric function, we see that the real part of all these three matters have negative part, which means the existence of the plasmon frequency, since the plasmon frequency can be approximatly obtained by solving the Re[ε(q, ω p )] for the case of small damping. Thus through the plots of dielectric function we can obtain the plasmon frequency of monolayer silicene, monolayer MoS 2 , and monolayer black phosphorus as 8 eV, 18 eV, and 11 eV, respectively. These results also agree with the plots of energy loss function, whose peak also reveals the plasmon frequency, and we can see that the peaks are locate in 8 eV, 17.5 eV, 11 eV for the monolayer silicene, monolayer MoS 2 , and monolayer black phosphorus, respectively, which are very close to the above results in the plots of dielectric function. That's to say, both the peaks of energy loss function and the dip of the real part of (in-plane) dielectric function are due to the coherent collective excitation models. Note that the plasmon frequency doesn't exist in the graphene which has purely positive real dielectric function as presented in Refs. [23] , and thus exhibits pure metallic bahavior with with the optical response mainly in ultraviolet regime. We can also see that the imaginary part of the dielectric function is in a similar shape with the absorption, which means that the positive imaginary part of the dielectric function corresponds to the abosrption gain.
From the plot of energy loss function of silicene, there are also two small peaks in front of the main peak in 8 eV, which are in 2 eV and 5 eV, and contributed by the pi-plasmon and σ-plasmon, respectively. Note that here the pi-plasmon peak is rather weak (lower than 0.3 eV), however, in doped case, it's possible to produce the high energy pi-plasmon (about 5∼6 eV) due to the Van Hove singularities, as observed in doped graphene [39] , such high energy pi-plasmon correponds to the large collective excitation which will decay the plasmon into electron-hole pair, and it's unlike the acoustic plasmon mention above which follows the q-behavior, but follows the linear behavior with q just like the classical bilayer silicene as discussed in our previous report [4] . The reason of the linear behavior for high energy pi-plasmon is due to the fast damping in small q region or even in the q → 0 limit [39] and thus it's hard to find the stable plasmons for such case. Note that all the optical parameters obtained here are smaller than that in their host materials (bulk form). We are mainly focu on the infrare and visible region of the photon energy, however, in negative photon energy, some interst phenomenons are been found, like the multi-photon resonance due to the transition of subbands [40] .
Conclusion
The optical response is of special interest for the intriguing materials of the group-IV, group-V, and group-VI. We diacuss the optical properties of the silicene, MoS 2 and black phosphorus, and it's important for their exciting potential applications. While in semiclassical case with small band gap (i.e., the non-adiabatic) case, the Berry correction is also important for the interband or intraband transition matrix element. Except that, the opposite Berry curvature and spin/orbital magnetic moment between neighbor valley also give rise to the topological spin/valley Hall effect. For silicene, the dynamical polarization, dielectric function, and the absorption of the radiation are discussed in the absence of many-electron effect. The manyelectron effects on optical response need to be considered in the presence of segments of quasi one-dimension band, like the black phosphorus, due to the presence of many-electron effect, the self-energy and the related excitonic effect need to be taken into account [41] . In the presence of Coulomb interaction (electron-electron interaction), it also leads to the dampling of selfenergy of the Dirac-quasiparticle (due to the electron-phonon coupling, electron-collision, or the acoustic phonon scattering) in the low-energy limit and it follows the Kramers-Kronig relation, then the energy becomes ε → ε + Σ, ReΣ ∼ g c e 1/gc , ImΣ ∼ g 2 c e 1/gc [42, 43] , with first term the linear dispersion term and the second term Σ the nonlinear dispersion term due to the screening effect. The anisotropic effects induced by the hexagonal warping structure of silicene or the charged impurity, and the anisotropic polarization induced by the polarized incident light are also discussed. Our results exhibit the great potential in the optoelectronic applications of the materials we discussed. 
